In this paper, differential transform method (DTM) is presented to solve Tumor-immune system at two initial conditions where two different cases of the interaction between tumor cells and effector cells. The system is presented to show the ability of the method for non-linear systems of differential equations. By using small iteration, the results of DTM are near the results of Runge-Kutta fourth-fifth order method (ode45 solver in MATLAB) and better than the results of Runge-Kutta second-third order method (ode23 solver in MATLAB). Also, the residual error of DTM's solutions approach zero. Therefore, DTM's solutions approximate exact solutions. Finally, we conclude formulae that we can find DTM's solutions, better than the results of RungeKutta second-third order method, in any interval we need.
Introduction
The immune system response consists of two different interacting responses: the cellular response (T lymphocytes) and the humoral response (B lymphocytes). The immune system identifies any stranger cells or tumor cells and destroys them. The immune response (in vivo) starts when tumor cells are recognized as being nonself. Then tumor cells are caught and absorbed by macrophages which can be found in all tissues in the body and circulate in the blood stream. Macrophages release series of cytokines which activate T helper cells which send signals to natural killers (NKs). T cells begin to multiply and release other cytokines that stimulate more T cells, B cells and NK cells. As the number of B cells increases, T helper cells send a signal to start the process of the production of antibodies. Antibodies circulate in the blood and attach to tumor cells, which implies that they are more quickly engulfed by macrophages or killed by natural killer cells.
There are many mathematical models for describing interactions between tumor cells and immune cells as DeLisi and Rescigno's model [9] , Kuznetsov and Taylor's model [16] , Adam's model [1] and Magda's model [10] . These models are defining an ordinary differential equation (ODE) model for two main populations: effector cells and tumor cells. Also, there are many mathematical models for effective of immunotherapy on interactions between tumor cells and immune cells as Kirschner and Panetta's model [15] and the simplified model [21] . These models are defining an ordinary differential equation (ODE) model for three main populations: effector cells, tumor cells, and the concentration of Interleukin-2 (the main cytokine responsible for lymphocyte activation, growth and differentiation).
There are many methods to solve system of ordinary differential equations as fractional sumudu transform [14] , Adomian decomposition method [5, 6] , and differential transform method [17] . Differential transform method is a good numerical method to solve ordinary differential equation because it has high accuracy with minor error. Also, differential transform method is applied to nonlinear systems of ordinary differential equations [8, 17, 18, 20] , fractional order nonlinear boundary value problems [11] , higher-order nonlinear differential equations which have convolution terms [13] and some boundary value problems with convolution terms [12] .
We present Kuznetsov and Taylor's model and show the phase space of this model. There are four equilibria are showed in the phase space of this model. Two equilibria are stable and other equilibria unstable. Two stable equilibria represent two different cases of interactions between cancer and the immune system in animal body (in-vivo). First, tumor dormant, the immune system can restrain cancer. Second, tumor escape case, the immune system cannot control of the increase of cancer which grow without any impediments. We solve Kuznetsov and Taylor's model by (DTM) (approximations to the solutions with in five terms) in two different cases; tumor dormant case and tumor escape case to examine the effectiveness of DTM method for solving Non-linear system of ordinary differential equations at different initial conditions. Also, we compare DTM's solution with Runge-Kutta fourth-fifth order method (ode45 solver in MATLAB) as exact solution and Runge-Kutta second-third order method (ode23 solver in MATLAB) in small interval after start of initial conditions, i.e., [0, 0.1]. Also, we conclude the residual functions and we compute residual errors in two different cases, tumor dormant and tumor escape, for DTM's solutions. See [3, 4] . Finally, by using maple, we conclude the two formulae for x(a, b, t) (effector cells) and y(a, b, t) (tumor cells) as function of initial conditions (a = x 0 and b = y 0 ) and time (t). Then, by using MATLAB, we use DTM procedure in small interval and repeat DTM procedure with change initial conditions to new initial conditions, to any time we need, until stability of solution (the suitable interval of solution). Also, in two cases, we compare DTM's solution with Runge-Kutta fourth-fifth order method (RK45) as exact solution and Runge-Kutta second-third order method (RK23) in the suitable interval of solution.
Differential transform method
The standard form of system of N ordinary differential equations of the n order with conditions is considered, see [7, 17] 
with initial values given by
where φ i for i = 1(1)N are nonlinear continuous functions of their arguments. The transformation of the k th derivative of a function in one variable is as follows: 1) and the inverse transformation is defined by
see [22] . The following theorems can be deduced from equations (2.1) and (2.2).
, where ω and α are constants.
, where ω and α are constants. The proofs of Theorems 2.1-2.6 are available in [2] and the proofs of Theorems 2.7-2.9 are available in [19] .
Kuznetsov and Taylor's model
The nonlinear system describes the interaction between tumor cells and effector cells in-vivo (inside animal body), see [16] , is 
Phase Space
There are four equilibria according to the estimated values of parameters. The phase space is shown in Figure 1 (a). The four equilibria are indicated and denoted "B", "C", "D", and "A" which is the free-tumor equilibrium. The variable x is the non-dimensional effector cell population and y the non-dimensional tumor cell population. The positive equilibria labeled "B" and "D" are both stable. In addition, the steady state "B" is characterized by a relatively little number of tumor cells and we call it the "dormant tumor" equilibria. However, the steady state "D", characterized by a relatively high number of tumor cells and low number of effector cells, corresponds to relatively "uncontrolled" tumor growth or "tumor escape". One dimensional stable manifold of the steady state "C" partitions the basin of attraction for each of these attractors. Initial conditions beginning blow and the right of this separatrix (e.g., initial conditions (i) and (iii) in Figure 1 (b)) asymptotically approach the dormant tumor steady state "B". As for the initial conditions above the separatrix (e.g., initial conditions (ii) and (iv) in Figure 1 (b)), the tumor escape the steady state "D". 
Numerical solutions at small interval after start of initial conditions
We solve Kuznetsov and Taylor's system with two different initial values: x(0) = 1, y(0) = 1 (dormant tumor) and x(0) = 0.1, y(0) = 25 (tumor escape). We compare the solutions of the system; the effector cells x(t), x RK23 (t), and x RK45 (t) and tumor cells y(t), y RK23 (t), and y RK45 (t), by three numerical methods: DTM, the Runge-Kutta second-third order method (RK23), and the Runge-Kutta fourth-fifth order method (RK45) (as exact solution). We multiply (η + y) in the first equation of system (3.1), we obtain
By using the theorems in Section 2, the system (4.1) is transformed as
Simplifying the transformed system (4.2), we get
4.1. First, tumor dormant case By using MAPLE, we solve the system (4.3) at X(0) = 1 and Y(0) = 1, we find
y(t) = 1 + 0.632728 t + 0.3021051013 t 2 + 0.09022768874 t 3 + 0.02247765419 t 4 + 0.003688674208 t 5 .
By using MATLAB, Tables 1 and 2 show the results of the solution of Kuznetsov and Taylor's model at x(0) = 1 and y(0) = 1 present the absolute errors between the solutions x RK23 (t) and y RK23 (t)obtained by using RK23, the solutions x(t) and y(t) obtained by using DTM, and the solutions x RK45 (t) and y RK45 (t) obtained by using RK45. We get a good approximation by using presented method with only five iterations.
Second, tumor escape case
By using MAPLE, we solve the system (4.3) at X(0) = 0.1 and Y(0) = 25, we find By using MATLAB, Tables 3 and 4 show the results of the solution of Kuznetsov and Taylor's model at x(0) = 0.1 and y(0) = 25 present the absolute errors between the solutions x RK23 (t) and y RK23 (t) obtained by using RK23, the solutions x(t) and y(t) obtained by using DTM, and the solutions x RK45 (t) and y RK45 (t) obtained by using RK45. We get a good approximation by using presented method with only five iterations. The effector cells x(t) obtained by DTM, the absolute error between x RK23 (t) and x RK45 (t), and the absolute error between x(t) and x RK45 (t) at x(0) = 1 and y(0) = 1. Table 2 : The tumor cells y(t) obtained by DTM, the absolute error between y RK23 (t) and y RK45 (t), and the absolute error between y(t) and y RK45 (t) at x(0) = 1 and y(0) = 1. The effector cells x(t) obtained by DTM, the absolute error between x RK23 (t) and x RK45 (t), and the absolute error between x(t) and x RK45 (t) at x(0) = 0.1 and y(0) = 25. Table 4 : The tumor cells y(t) obtained by DTM, the absolute error between y RK23 (t) and y RK45 (t), and the absolute error between y(t) and y RK45 (t) at x(0) = 0.1 and y(0) = 25. 
Residual functions and residual errors
We consider x(t) and y(t) are the solutions of system (3.1) by using DTM. Then, R 1 (t) and R 2 (t) are residual functions which are defined as
and R 2 (t) = dy(t) dt − r 2 y(t)(1 − βy(t)) + x(t)y(t).
5.1. First, tumor dormant case, at x(0) = 1 and y(0) = 1
The residual functions R 1 (t) and R 2 (t) can be defined as We can put values of t take numbers 0, 0.005, 0.01, . . . , 0.1 to calculate the residual errors of x(t) and y(t). Table 5 shows the absolute residual errors of x(t) and y(t) for system (3.1). Table 5 : The effector cells x(t) with its absolute residual error |R 1 (t)| and the tumor cells y(t) with its absolute residual error |R 2 (t)| at x(0) = 1 and y(0) = 1. The residual functions R 1 (t) and R 2 (t) can be defined as R 1 (t) = 2 * 10 −9 + 2 * 10 −9 t − 2 * 10 −9 t 2 − 3 * 10 We can put values of t take numbers 0, 0.005, 0.01, . . . , 0.1 to calculate the residual errors of x(t) and y(t). Table 6 shows the absolute residual errors of x(t) and y(t) for system (3.1). Table 6 : The effector cells x(t) with its absolute residual error |R 1 (t)| and the tumor cells y(t) with its absolute residual error |R 2 (t)| at x(0) = 0.1 and y(0) = 25. 
Numerical Solutions
We solve Kuznetsov and Taylor's system by repeating DTM procedure in small interval with two different initial values: x(0) = 1, y(0) = 1 (dormant tumor) and x(0) = 0.1, y(0) = 25 (tumor escape). We compare the solutions of the system; the effector cells x(t), x RK23 (t), and x RK45 (t) and tumor cells y(t), y RK23 (t), and y RK45 (t), by three numerical methods: DTM, the Runge-Kutta second-third order method (RK23), and the Runge-Kutta fourth-fifth order method (RK45) (as exact solution).
Let x(t) = x(a, b, t) and y(t) = y(a, b, t), where x(0) = a and y(0) = b. By using maple, we find DTM's terms We get a good DTM's solutions by using presented method with only three iterations where
By using MATLAB, we use DTM procedure (x(a, b, t), y(a, b, t)) in small interval [0, 0.025) and repeat DTM procedure with change initial conditions to new initial conditions. Let, in first time, we use that a 0 = x(a, b, 0) and b 0 = y(a, b, 0), in second time, we get a 1 = x(a 0 , b 0 , 0.025) and b 1 = y(a 0 , b 0 , 0.025), in third time, we have a 2 = x(a 1 , b 1 , 0.05) and b 2 = y(a 1 , b 1 , 0.05), and so on.
We can repeat the last procedure, to any time we need, until stability of solution (the suitable interval of solution).
First, x(0) = 1, y(0) = 1 (dormant tumor), we use DTM procedure in small interval [0, 0.025) and repeat DTM procedure iteration until t = 50, the suitable interval of solution [0, 50), and compare with RK45 and RK23. This is shown in Figures 2 (a), (b) , and (c).
Second, x(0) = 0.1, y(0) = 25 (tumor escape), we use DTM procedure in small interval [0, 0.025) and repeat DTM procedure iteration until t = 25, the suitable interval of solution [0, 25), and compare with RK45 and RK23. This is shown in Figures 3 (a), (b) , and (c). 
Conclusion
Differential transform method has been applied to non-linear system of ordinary differential equations, Kuznetsov and Taylor's system (tumor-immune system). There are two different cases in analysis of Kuznetsov and Taylor's system; tumor dormant case and tumor escape case. First, tumor dormant case, the immune system of animal body can resist and adobt cancer. Second, tumor escape case, cancer can destroy the immune system of animal body and increase without any resistance. We applied DTM method on Kuznetsov and Taylor's system in two different cases; tumor dormant case and tumor escape case to test the effectiveness of DTM method for solving Non-linear system of ordinary differential equations at different initial conditions. In two cases, in small interval after start of initial conditions, the absolute error between DTM with only five iterations and RK45 is tiny (very small). Also, we find that the absolute error between DTM and RK45 is smaller than the absolute error between RK23 and RK45. Therefore, DTM with only five iterations is better than RK23 in small interval after start of initial conditions, i.e., [0, 0.1]. See Tables 1, 2, 3, and 4 .
Then, we concluded the residual functions of Kuznetsov and Taylor's system and calculated the residual errors by using DTM. In two cases of tumor, tumor dormant case, and tumor escape case, the absolute residual errors of DTM's solutions approach to zero in small interval after start of initial conditions. Therefore, the solutions by using DTM are nearly equal the exact solutions in small interval after start of initial conditions. See Tables 5 and 6 . Also, by using maple, we conclude the two formulas for x(a, b, t) (effector cells) and y(a, b, t) (tumor cells) as function of initial conditions (a = x 0 and b = y 0 ) and time (t). In these formulas for x(a, b, t) and y(a, b, t), we suffice only three iterations which give us a good approximation. Then, by using MATLAB, we use DTM procedure x(a, b, t), y(a, b, t) in small interval [0, 0.025) and repeat DTM procedure with change initial conditions to new initial conditions. Also, We can repeat this procedure until stability of solution (the suitable interval of solution). The numerical solutions showed that the suitable interval of solution is [0, 50) in tumor dormant case and is [0, 25) in tumor escape case. In two cases of tumor, in suitable interval, we clear DTM's solution is nearer to RK45 as exact solution than RK23. We conclude DTM with only three iteration which is better than RK23 in all cases, if we repeat DTM procedure in small interval, i.e., [0, 0.025). See Figures 2 (a), (b), and (c) and 3 (a), (b) , and (c).
